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The transfer function of a linear system can be represented in the general form

(1 + S/wzl) (1 + S/wZZ) (1 + s/wz,m)

e Ho(l +s/apt) (14 s/@pz) = (14 5/0p,)

(1)

where the poles w,1, wpy, ..., @, and zeros w1, @y, ..., @,y are roots of the
denominator and numerator, the values for which the function goes to infinity
and zero, respectively.
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General Method

1. To find the poles, set the input (v;,) to zero, or to find the zeros, set the

output (vVyy;) to zero.

2. Find the equivalent resistance, Req, seen by each independent capacitor, Cing,

in the input and feedback networks.

« Capacitors in series (C; || C3) or in parallel (C; + C,) are combined to
form a single independent capacitor.

3. Calculate the pole and zero frequencies as w, = 1/ <Reinnd>.

Approximate Method

. Series RC pairs in the input network form a pole, and pairs in the feedback
network form a zero.

2. Parallel RC pairs in the input network form a zero, and pairs in the feedback

network form a pole.

3. Calculate the pole and zero frequencies as w, = 1/ (RC).



3 Examples

3.1 LEAD COMPENSATOR
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Fig. 1. Lead compensator schematic.

The DC gain for the inverting configuration is
Hy = —R3/Ry )

by considering C; as an open circuit (Fig. 1).

Obtain the poles by zeroing the input (vj;, = 0) and finding the equivalent resistance
seen by C; (Fig. 2(a)). Note that node N, the op-amp’s negative input terminal, is a
virtual ground.

wp =1/ (RyCy) ®3)
Likewise, obtain the zeros by zeroing the output (v, = 0) (Fig. 2(b)).

w, =1/ [(Ry + Rp) C4]
= 1/(R1C1) fOI' Rl > R2
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Fig. 2. Lead compensator equivalent circuit for finding (a) poles and (b) zeros.

The complete transfer function can be put in the form (Fig. 3)

H(s) =

1+
Lt/
1+s/w,
R3 1+S(R1 +R2)C1
Rl 1+ SR2C1
Ry 14+ sRC
2. " forRy > R,.
Rl 1+ SRZCI

®)



+20 dB/dec
N

-90°

-180°

\

p

Fig. 3. Lead compensator Bode plot.
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3.2 TYPE 2 COMPENSATOR
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Fig. 4. Type 2 compensator schematic.

The DC gain formula for an inverting configuration is not valid here because the
feedback impedance at DC is undefined. Instead, the constant value Hy = —1/ (RC)
in the integrator transfer function represents the gain at = 1rad/s and is
determined by the input resistance and feedback capacitance (Fig. 4).

Hy =-1/[Ry (C; + )]

(6)
= _1/ (Rlcl) for Cl > C2

Obtain the poles by zeroing the input (v, = 0) and finding the equivalent resistance
seen by C; and C, (Fig. 5(a)). Note that node N, the op-amp’s negative input
terminal, is a virtual ground.

wp =1/ [Ry (Cy || C2)]

7
= 1/ (R2C2) for Cl > Cz ( )

Likewise, obtain the zeros by zeroing the output (v, = 0) (Fig. 5(b)).
w, = 1/ (RyCy) (8)
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Fig. 5. Type 2 compensator equivalent circuit for finding (a) poles and (b) zeros.

The complete transfer function can be put in the form (Fig. 6)
1+s/w,

s(l + s/wp)

_ 1 ) 1+ $R2C1 (9)
R (C; +Cy) s[1+5Ry(Cy || Gyl

1 1+ SR2C1

= — . for C; > G,.
RiC, s(+sRyCy) 1T

H(S) = Ho
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Fig. 6. Type 2 compensator Bode plot.
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3.3 TYPE 3 COMPENSATOR
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Fig. 7. Type 3 compensator schematic.

The DC gain formula for an inverting configuration is not valid here because the
feedback impedance at DC is undefined. Instead, the constant value Hy = —1/ (RC)
in the integrator transfer function represents the gain at = 1rad/s and is
determined by the input resistance and feedback capacitance (Fig. 7).

Hy = —1/[R; (Cy + C3)] (10)
=~ —-1/(RiCy) forCy > C5

Obtain the poles by zeroing the input (v, = 0) and finding the equivalent resis-
tances seen by Cy, C,, and C5 (Fig. 8(a)). Note that node N, the op-amp’s negative
input terminal, is a virtual ground.

wp1 = 1/ (RyCy) (11)
wpz =1/ [R3 (G2 || G3)] (12)
= 1/ (R3C3) for C2 > C3
Likewise, obtain the zeros by zeroing the output (v, = 0) (Fig. 8(b)).
w1 =1/ [(Ry + R2) C1] (13)
= 1/ (R1C1) for Rl > Rz
w2 =1/ (R3Cp) (14)
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Fig. 8. Type 3 compensator equivalent circuit for finding (a) poles and (b) zeros.

The complete transfer function can be put in the form (Fig. 9)

(1 + s/wzl) (1 + 3/0)22)

s(l + s/a)pl) (1 + s/a)pz)

_ 1 ) [1 + S(Rl + Rz) Cl] (1 + SR3C2) (15)
Ri(Cy+Cs) s(1+sRyCy)[1+sR3(Cy || G3)]

1 ] (1 + sRlCl)(l + SR3C2)

~ TRC, 51+ sRyCy) (1 + sRsCs)

H(s) = Hy

for Rl > Rz and Cz > C3 .
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Fig. 9. Type 3 compensator Bode plot.
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4 Appendix

4.1 LEAD COMPENSATOR TRANSFER FUNCTION DERIVATION

Zr = R3

1
Zi=R Ry + —
=R (R )

1
Rl(R2+E)
- 1
R1+R2+E

_ Rl + SR1R2C1
1+s(R +R)G

Z
H(S) = —Z
1+s(R; +Ry)Cy
R, + sRiR,Cy
Ry 1+s(Ri+Ry)C

_R_l 1+ SR2C1

= —R,

1+s/w,
o1+ s/wp

“r = (R +Ry) Gy
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4.2 TYPE 2 COMPENSATOR TRANSFER FUNCTION DERIVATION

1 1

Zi= (Rt ) I

1 1
(R2+E)E
1 1
RGRe)
. 1+SR2C1
- S(Cl + CZ + SR2C1C2)

Ry +

H(s) = —é
Z;
_ 1+ sRy,G4 1
T 5(CL+Cy + sRyCLCy) Ry
_ 1 1+ SR2C1

- Rl (Cl + Cz) S(l + sgzilccz)
1 2

_ 1 1+ SR2C1
R (C1 +Cy) s[1+sRy(Cy || Gy)]
1+s/w,

Os(l + s/a)p)

1
Ry (C1 +Cy)
_ 1
Ry (Cy || Gy)
1
* RyGy

Hy =

@p
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(22)

(24)

(25)
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4.3 TYPE 3 COMPENSATOR TRANSFER FUNCTION DERIVATION

1 1
Z=(Rre+ ) I
1 1
~ (R3+E)E
- 1 1
ERe)
_ 1+SR3C2
- S(Cz + C3 + SR3C2C3)

Rs +

1
Z =Ry | Ry + —
! 1”(2 SC1>

Ry (Ry+ =)
sCy
- @)
Rl + Rz + E
Rl + sR1R2C1

- 1+S(R1 +R2)C1

1 +SR3C2 1 +S(R1 +R2)C1
S(CZ + C3 + SR3C2C3) Rl + SR1R2C1
1 (1 +SR3C2) [1 +S(R1 +R2)Cl]

Ri(G+G) (1 + —R3C2C3> (1+sR,Cy) (30)
Cy+Cs

_ 1 ) [1 +S(R1 +R2)Cl](1 +SR3C2)
R (G +C3) s(1+sRyCy)[1+sR3(Cy || G3)]
(1+5/w,1) (1 +5/0y3)

s(l + s/wpl) (1 + s/wpz)

= H,
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Hy =

Q)p 1
6()p 2
W71

Wz2

1

R (G +Gy)
1

RyG
_ 1

R3(Cy || G5)
_ 1

(Ry +Ry) Gy
1

R3G,

14



	General Method
	Approximate Method
	Examples
	Lead Compensator
	Type 2 Compensator
	Type 3 Compensator

	Appendix
	Lead Compensator Transfer Function Derivation
	Type 2 Compensator Transfer Function Derivation
	Type 3 Compensator Transfer Function Derivation


